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The measurements of very low level signals at
low frequeny is a very diult problem, beause
environmental noise inreases in this frequeny do-
main and it is very diult to lter it eiently.
In order to ounterat these major problems, we
propose a simple and generi denoising tehnique,
whih mixes several features of traditional feedbak
tehniques and those of noise estimators. As an ex-
ample of appliation, large band measurements of
the thermal utuations of a mehanial osillator
are presented. These measurements show that the
proposed denoising tehnique is easy to implement
and gives good results.
1 Introdution
The measurements of very low level signals at very
low frequeny (VLF) is a very diult problem, be-
ause environmental and eletri /magneti noises
often inrease in this frequeny domain. Further-
more, it is well known that the diulties of iso-
lating an experimental setup from these unwanted
noise soures inrease by reduing the measuring
frequeny. Typial examples are the sreening of
low frequeny magneti elds or the isolation of a
measurement from the unwanted environmental vi-
brations. Many tehniques have been proposed and
aurately applied to redue the eets of the un-
wanted noise soures.
The simplest tehniques are of ourse the passive
ones. Let us onsider in some details the problem
of vibration isolation (the magneti eld sreening
presents similar problems).
In a typial laboratory environment, vibrations
transmitted through the oor normally have a fre-
queny spetrum from d to a few hundred Hz. The
redution of these vibrations is usually obtained by
installing the experiment on oating tables whih
have horizontal and vertial resonane frequenies
around 1 Hz. Thus, noise redution is obtained
only for frequenies larger than the natural reso-
nant frequenies of the table. This is, of ourse,
an exellent method for high frequeny measure-
ments, but at frequenies lose to and smaller than
1 Hz this method beomes useless. Exatly at res-
onane, noise is even enhaned. To overome these
problems that appear at VLF, feedbak tehniques
have been used. These tehniques require dete-
tors whih measure the noise signals and atuators
whih redue the aeleration of the table plate.
Similar tehniques are of ourse used for sreen-
ing VLF magneti elds. Indeed, high frequeny
magneti elds are sreened by Faraday ages and
the VLF omponents are subtrated by a feedbak
tehnique [1℄.
Feedbak tehniques are widely used, but they
are limited by the noise of the detetors and of
the atuators. Their alibration is often very om-
plex and requires very tedious operations in order
to work properly. Furthermore, they an be only
applied in all of the ases where the environmen-
tal noise an be aurately measured. When this is
not possible and / or one is not interested in stabi-
lizing a system on a given working point, but only
in reduing the noise on a given signal, other teh-
niques may be used. From the signal analysis point
of view, most of the tehniques that have been pro-
posed and aurately applied to redue the eets
of the unwanted noise soures rely upon the knowl-
edge of the response funtion of the system under
study, and a guess about the noise, whih is of-
ten supposed to be a random variable belonging to
some lass of signals, e.g. ergodi and seond order
stationary signals [2, 3, 4, 5, 6℄. However, this guess
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is often limited.
The simple denoising tehnique proposed in this
paper atually ombines several aspets of the two
above mentioned tehniques. Indeed, in many ases
one has aess to the environmental noise, but one
does not need to stabilize a setup on a given work-
ing point, but only to redue the eet of the noise
on a given signal. Therefore, rather than arrying
out a somewhat sophistiated and expensive feed-
bak system, whih ould even fail to solve the noise
problem at VLF, we developped a simple denoising
tehnique whose priniple preisely lies in measur-
ing the residual noise when passive sreening de-
vies are already used. The general priniples and
the limits of the new tehnique are desribed in
Se. 2.
This denoising tehnique was motivated by the
study of the violation of the utuation dissipation
theorem (FDT) in out of equilibrium systems as
aging glasses. This is a subjet of urrent interest
whih begins to be widely studied in many dier-
ent systems [7, 8, 9, 10, 11℄. Therefore, in Se. 3 we
propose an appliation of this new tehnique to the
measurement of VLF mehanial thermal utua-
tions. The experimental results, presented in Se. 4,
show the quality of the noise redution. Finally, in
Se. 5 we disuss some other possible appliations
and we onlude.
2 A simple denoising teh-
nique
Suppose one has to measure a signal on whih an
external noise is superimposed. Let us all this sig-
nal the true signal xtrue(t) and the external noise
xenv(t), so that the measured signal an be written
in the additive manner
x(t) = xtrue(t) + xenv(t). (1)
The only assumptions needed are that xtrue(t) and
xenv(t) are unorrelated and both stationary pro-
esses (as we will see, the hypothesis of stationarity
an be weakened), and an be written in an addi-
tive manner like in Eq. 1. In addition, we assume
that one an diretly measure x, whereas xenv is
measured with a detetor whose output signal is
xdet(t). If the noise is small, in the limit of lin-
ear response theory, it an be stated that xdet is
linearly related to xenv, whih means that there ex-
ists a hypothetial response funtion Rˆ−1d (ω) suh
that
xˆdet(ω) = Rˆ
−1
d (ω)xˆenv(ω), (2)
where fˆ(ω) =
∫
R
f(t)e−iωtdt is the Fourier trans-
form of f(t). Notie that no hypothesis is done on
Rˆd, whih is in priniple unknown.
The Fourier transform of the true signal thus
reads
xˆtrue = xˆ− Rˆd xˆdet. (3)
Assuming that the true and external noise signals
are unorrelated, that is 〈xtrue x∗det〉 = 0, one an
ompute the kernel Rˆd as
Rˆd =
〈xˆ xˆ∗det〉
〈|xˆdet|2〉
, (4)
where 〈·〉 stands for the ensemble average. Thus
Eqs. 3 and 4 allow us to ompute the signal and its
spetrum:
xtrue(t) = x(t)−
∫
R
Rˆd(ω)xˆdet(ω)e
iωt dω
2pi
, (5)
and
〈|xˆtrue|2〉 = 〈|xˆ|2〉 − |Rˆd|2〈|xˆdet|2〉. (6)
Therefore, xtrue an be omputed from the simul-
taneous measurements of x and xenv.
We see that the hypothesis of stationarity is not
really neessary, beause xˆ, Rˆ−1d and xˆdet an be
slowly varying funtions of time, with a harater-
isti time τ . In suh a ase, if the ensemble average
is performed in a time T suh that T ≪ τ , then
Eqs. 3, 4, 5 and 6 an be still applied on intervals of
length T . This observation makes this simple teh-
nique very powerful, beause the response of the
system to the environmental noise an hange as a
funtion of time and of the external noise soure.
Thus, Rˆd is a dynamial variable whih an be om-
puted in eah time interval of length T , and whih
allows to retrieve the true signal.
However, the signal xrec reonstruted using
Eqs. 3, 4, and 5 will dier from xtrue beause of
experimental errors. One soure of error is the
noise of the detetors and of the ampliers, whih
introdues an extra additive noise term η(t) in
Eq. 1, whih is unorrelated with xtrue and xdet,
thus xrec(t) = xtrue(t) + η(t). However, η an be
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done very small and it does not onstitute the main
soure of error. The main one is the limited num-
ber N of ensemble averages that an be done in the
time T . This is very important beause if Rˆd is a
slowly varying funtion of t, then one has to impose
T ≪ τ in order to retrieve the true signal. Finally,
it has to be pointed out that the advantage of the
tehnique is when the amplitudes of xtrue and xdet
are omparable, that is, when the signal to environ-
mental noise ratio is either smaller than or equal to
one.
The auray of the tehnique has been heked
on several artiial signals. We have hosen for
xtrue and xdet either random or periodi signals.
The random signals may be either olored or white
noise with Gaussian or uniform distribution. To
estimate the error of the reonstrution, we rst
onsider the dierene∆ between the reonstruted
xrec and xtrue, that is ∆(t) = xrec(t)−xtrue(t). We
then ompute the ratio Rrec between the rms of ∆
and that of xtrue, whih is a good indiator of the
error of the reonstruted signal. As expeted we
nd that Rrec ∼ 1/
√
N for large N .
An example of the reonstrution is given in
Fig. 1. We see that although the signal is om-
pletely erased by the noise (f Fig. 1b) the reon-
strution is quite good. It is obvious that this is an
extremely simple example, but as we will see the
tehnique beomes very interesting when Rˆd is a
slowly varying funtion of t.
To onlude this setion, it should be stressed
that, from the signal analysis point of view, we
derived a method in a way similar to the Wiener
ltering, whih aim at separating (in an optimal
sense, see [2, 3, 12℄) two random signals xtrue an
xdet, whih are supposed to be ergodi seond order
stationary and unorrelated random signals, and
an be written in an additive manner like in Eq. 1.
Then, we extended this denoising tehnique to non-
stationary signals in a simple and original man-
ner. In a more general study, nonstationary signals
ould be addressed to the Kalman ltering (also re-
ferred as to the Kalman-Buy ltering), whih an
be onsidered as the extension of the Wiener lter-
ing to the ase of nonstationary signals [4, 5, 6℄.
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Figure 1: Artiial signal. (a) True signal as
a funtion of time. In this example xtrue(t) =
sin 2pi
51
t +sin 2pi
400
t. (b) The signal x as a funtion of
time. The noise is a Gaussian white noise of vari-
ane 4. () The reonstruted signal as a funtion
of time. (d) Residual error ∆ of the reonstrution
as a funtion of time.
3 Appliation to thermal u-
tuations measurements
In this setion, we desribe a useful appliation of
this tehnique to the measurement of thermal u-
tuations of a mehanial osillator, whose damp-
ing is given by the visoelastiity of an aging poly-
mer glass. This is an important experimental mea-
surement whih is extremely useful in the study of
the violation of the FDT in out of equilibrium sys-
tems, speially in aging glasses. This violation is
a subjet of urrent interest whih has been stud-
ied mainly theoretially [13, 14℄. However, there
are not lear experimental tests of these theoretial
preditions, whih have to be heked on real sys-
tems by studying the VLF spetra of mehanial
thermal utuations. Thus, the main purpose of
our study is to have a reliable measurement of this
VLF spetra in an aging polymer.
To study this spetrum, we have hosen to mea-
sure the thermally exited vibrations of a plate
made of an aging polymer suh as Polyarbonate.
The physial objet of our interest is a small plate
with one end lamped and the other free, i.e. a an-
tilever. The plate is of length l, width a, thikness
b, mass mPolyc. On the free end of the antilever
a small golden mirror of mass mmirror is glued. As
3
desribed in the next setion, this mirror is used
to detet the amplitude xc of the transverse vibra-
tions of the antilever free end. The motion of the
antilever free end an be assimilated to that of a
driven harmoni osillator, whih is damped only
by the visoelastiity of the polymer. Therefore,
the Fourier-transformed equation of motion of the
antilever free end reads
[−mω2 +K(ω)]xˆc = Fˆext, (7)
where xˆc is the Fourier transform of xc, m is the
total eetive mass of the plate plus the mirror,
K = K ′+iK ′′ is the omplex elasti stiness of the
plate free end, and Fˆext is the Fourier transform
of the external driving fore. The omplex K(ω)
takes into aount the visoelasti nature of the
antilever. From the theory of elastiity [15℄ one
obtains that, for VLF, exellent approximations for
m and K are:
m =
3
(3.52)2
mPolyc +mmirror, (8)
and K =
Eab3
4l3
, (9)
where E = E′ + iE′′ is the plate Young modulus.
Notie that if mmirror = 0, then one reovers the
smallest resonant frequeny of the antilever [15℄.
For Polyarbonate at room temperature, E is suh
that E′ = 2.2× 109 Pa and E′′ = 2 × 107 Pa, and
its frequeny dependene may be negleted in the
range of frequeny of our interest, that is from 0.1
to 100 Hz [17℄. Thus we neglet the frequeny de-
pendene of K in this spei example.
When Fext = 0, the amplitude of the thermal
vibrations of the plate free end xT is linked to its
response funtion χ via the FDT [16℄:
〈|xˆT |2〉 = 2kBT
ω
Im χˆ, (10)
where 〈|xˆT |2〉 is the thermal utuation spetral
density of xc, kB the Boltzmann onstant and T
the temperature. From Eq. 7 one obtains that the
response funtion of the harmoni osillator is
χˆ =
xˆc
Fˆext
=
1
m[ω02 − ω2 − i (signω) γω02] , (11)
where ω0
2 = K ′/m and γ = K ′′/K ′.
Inserting Eq. 11 into Eq. 10, one an ompute the
thermal utuation spetral density of the Polyar-
bonate antilever for positive frequenies:
〈|xˆT |2〉 = 2kBT
ω
γω0
2
m[(ω02 − ω2)2 + (γω02)2] . (12)
Notie that 〈|xˆT |2〉 ∼ ω−1 for ω ≪ ω0, beause
the visoelasti damping K ′′ is onstant in our fre-
queny range. In the ase of a visous damping (for
example, a antilever immersed in a visous uid)
K ′′ = αω, where α is proportional to the uid vis-
osity and to a geometry dependent fator. Then
the spetrum of the thermal utuations of the an-
tilever free end, in the ase of visous damping, is
〈|xˆT |2〉 = 2kBT α
m2[(ω20 − ω2)2 + ( αmω)2]
, (13)
whih is onstant for ω ≪ ω0. Therefore the u-
tuation spetrum shape depends on K ′′(ω). In the
ase of a visoelasti damping (see Eq. 12), the ther-
mal noise inreases for ω ≪ ω0, and with a suitable
hoie of the parameters the VLF spetrum of an
aging polymer an be omputed using this method.
However, the antilever is also sensitive to the
mehanial noise, and the total displaement xc of
the antilever free end atually reads xc = xT +
xacc, where xacc is the displaement indued by the
external mehanial noise. Thus, it is important
to ompute the signal-to-noise ratio of our physial
apparatus, whih we dene as the ratio between
the thermal utuations and the mehanial noise
spetra. To ompute the latter, we onsider that
the support of the antilever is submitted to an
external aeleration aext, whose Fourier transform
is aˆext. We rewrite Eq. 11 with Fˆext = maˆext, whih
yields
xˆacc =
aˆext
ω02 − ω2 − iγω20
, (14)
where xˆacc is the Fourier transform of xacc. Far
from the resonane frequeny, that is for ω ≪
ω0, one has xˆacc ∼ aˆext/ω02, whih nally yields
|xˆacc|2 ∼ |aˆext|2/ω04, whereas the thermal u-
tuation spetral density of x reads 〈|xˆT |2〉 ∼
2kBT
ω
γ
mω02
. Therefore, the signal-to-noise ratio
reads
〈|xˆT |2〉
〈|xˆacc|2〉
∼ 2kBT
ω
γω20
m〈|aˆext|2〉
, (15)
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whih is proportional to
γEab3
m2l3〈|xˆacc|
2〉
, for ω ≪ ω0.
Notie that the signal-to-noise ratio of Eq. 15 in-
reases if the set of parameters {a, b, l,m} is opti-
mized to make ω0 as large as possible within the
frequeny range of interest, and within the experi-
mental onstraints.
Let us estimate the amplitude of
√
〈|xˆT |2〉 at
ν = ω/2pi = 1 Hz for the following hoie of the
parameters: γ ≃ 10−2, l ≃ 10 mm, a ≃ 1 mm,
b = 125 µm and mmirror . 10
−3
g. We nd
ν0 ≃ 100 Hz and
√
〈|xˆT (1 Hz)|2〉 ≃ 10−11 m/
√
Hz,
whih is a very small signal. As a onsequene, ex-
tremely small vibrations of the environment may
greatly perturb the measurement. Therefore, to
inrease the signal-to-noise ratio of the measure-
ments, one has to redue the oupling of the an-
tilever to the environmental noise (aousti and
seismi) using vibration isolation systems. This
may be not enough in this spei ase beause
of the the smallness of the thermal utuations.
Then we have applied the tehnique desribed in
the previous setion in order to reover xT from
the measurement of xc. The experimental results
are desribed in the next setion.
4 Experimental results
The measurement of xc is done using a Nomarski
interferometer (for detailed reviews, see [18, 19, 20℄)
whih uses the mirror glued on the Polyarbonate
antilever in one of the two optial paths. The
interferometer noise is about 5 × 10−14 m/
√
Hz,
whih is two orders of magnitude smaller than the
antilever thermal utuations. The antilever is
inside an oven under vauum. A window allows
the laser beam to go inside (f Fig. 2). The size
of the Polyarbonate antilever are, l ≃ 13.5 mm,
a ≃ 1 mm and b = 125 µm, and the mirror mass is
mmirror . 10
−3
g suh that ν0 ≃ 100 Hz.
Muh are has been taken in order to isolate as
muh as possible the apparatus from the external
mehanial and aousti noise. The Nomarski in-
terferometer and the antilever are mounted on a
plate whih is suspended to a pendulum whose de-
sign has been inspired by one of the isolating stages
of the VIRGO superattenuator [21, 22, 23℄. The
whole ensemble is enlosed in a age, to avoid any
aousti oupling. The pendulum and the age are
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Figure 2: Experimental setup.
installed on air-suspended breadbord (Melles Griot
Small Table Support System 07 OFA Series A-
tive Isolation), whih furnishes an extra isolating
stage. However, these two isolation stages are not
yet enough to have a large band measurement (0.1-
100 Hz) of the antilever thermal utuations.
In Fig. 4 we plot the square root of the an-
tilever's utuation spetral density as a funtion
of frequeny for a typial experiment at ambient
temperature. The measure is ompared with the
FDT predition, obtained from Eq. 10 (blue line),
and the interferometer noise (red line). The mea-
sure sales quite well with the predition. One an
observe the antilever resonane and the 1/
√
ν be-
haviour for ν ≪ ν0 produed by the visoelasti
damping (see Eq. 12). However, the measurement
is still too noisy in order to study aurately viola-
tions of the FDT during aging.
To improve our signal-to-noise ratio we have ap-
plied our denoising tehnique desribed in Se. 2.
As already mentioned, the total antilever displae-
ment reads xc = xT + xacc. To get xT we have to
estimate xacc. The residual aeleration of the ta-
ble where the interferometer is installed is about,
10−8 ms−2 at 1 Hz and 10−7 ms−2 at 100 Hz. This
is too small to be deteted by standard aelerom-
eters, so we used a dierent method. We built an-
other antilever made by harmoni steel (antilever
C2) whih is installed very lose to the Polyar-
bonate antilever (antilever C1). The parameters
5
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Figure 3: Square root of the utuation spetral
density without denoising (nm/
√
Hz) vs frequeny
(Hz).
{a, b, l,m} of C2 are hosen to optimize the sensitiv-
ity to mehanial vibrations and redue its sensitiv-
ity to thermal noise (see Eq. 15). A heavy mass and
a heavy mirror, that give the main ontribution to
m for C2, are xed on the steel antilever free end.
The antilever C2 is damped by the visosity of the
air. A laser beam is reeted by the mirror glued
on C2 and sent to a four quadrant position sensitive
photodiode (4Q), whih is used to detet the vibra-
tions of the steel antilever. The sensitivity is muh
smaller than that of the Nomarski interferometer,
but enough for reduing the noise. Speially, C2
is 20 mm long, 10 mm wide, 0.125 mm thik, it
has a total mass of 1.3 g approximately and a reso-
nane frequeny around 20 Hz. The maximum sen-
sitivity external aeleration of this setup, whih
is limited by the 4Q detetor, is about 10−7 ms−2
in the frequeny range of our interest. The out-
put signal x4Q of the four quadrant detetor and
its Fourier transform xˆ4Q are mainly proportional
to the response of C2 to the external mehanial
noise. Indeed, as we have already mentioned, ther-
mal utuations of C2 are negligible. An example
of the square root of the spetral density of the 4Q
signal x4Q is plotted in Fig. 4, whih is related, via
the response of C2, to the spetrum of the residual
aeleration of the optial table. The polyarbon-
ate antilever and the steel antilever, whih are
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Figure 4: Square root of the spetral density of
x4Q vs frequeny (Hz). This signal is related to the
environmental noise.
mounted very lose on the same optial table, are
perturbed by the same environmental noise soures.
As theses soures may hange of nature and of po-
sition, the responses of C1 and C2 to these external
perturbations may hange too. That is the reason
why the denoising tehnique proposed in Se. 2 an
be very useful, beause no hypothesis is needed on
the response of the devies to the external noise.
Referring to Se. 2, one has to make the following
substitutions: x→ xc, xtrue → xT and xdet → x4Q,
whene
〈|xˆT |2〉 = 〈|xˆc|2〉 − |Rˆd|2〈|xˆ4Q|2〉, (16)
with Rˆd =
〈xˆ xˆ∗4Q〉
〈|xˆ4Q|2〉
, (17)
where the average 〈·〉 is omputed in our experi-
ment on a time interval T = 1 min, beause Rˆd
evolves on a time sale of a few minutes. This is
shown in Fig. 4 where we plot Rˆd, measured in three
dierent time intervals separated by a few minutes.
We see that the large variability of this response
will make any a priori hypothesis useless. Using
these data, we apply the denoising tehnique and
we ompute 〈|xˆT |2〉 for eah time interval of length
T . Finally, we average the spetra obtained over
several time intervals.
In Fig. 6 we plot
√
〈|xˆT |2〉 as obtained after hav-
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Figure 5: Example of three |Rˆd| measured at dif-
ferent time intervals of length T = 1 min separated
by 2 min. Notie the large variation between the
three urves taken at dierent times.
ing applied the noise redution tehnique on twenty
time intervals of length T = 1 min. By omparing
this urve with Fig. 4 we see that all the peaks have
been strongly redued and that the agreement with
the FDT predition is muh better than in Fig. 4.
Notie that no improvement is observed if the de-
noising tehnique is applied on a single time inter-
val of T = 20 min. We stress again that this eet
is due to the fat that response is hanging as a
funtion of time.
This example learly shows that the denoising
tehnique proposed in Se. 2 an redue the inu-
ene of environmental noise on a measure if Rd is
omputed on short time intervals. The strong noise
redution introdued by this tehnique allows us to
study the evolution of the FDT in an aging mate-
rial. The auray is now limited by the 4Q noise,
but this an be strongly redued by replaing it
with another Nomarski interferometer.
5 Disussion and onlusions
In this artile, we have proposed an original and
simple denoising tehnique, whih allows one to re-
due the inuene of the environmental noise on
a measure. As already mentioned, this denoising
100 101 102
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Figure 6: Square root of the utuation spe-
tral density with denoising (nm/
√
Hz) vs frequeny
(Hz).
tehnique mixes several features of the standard
feedbak systems and those of the Wiener lter-
ing. The example presented in Se. 3 learly shows
that this tehnique an be very eetive in sup-
pressing spurious peaks on the spetra. The exam-
ple of Se. 3 is not exhaustive. Indeed, the same
tehnique an be used to redue pik-up eets in
eletrial measurements or eventually in very pre-
ise AFM measurements.
As a general onlusions we an say that this
tehnique is simple and an be implemented rather
easily. The only requirement is to have a reli-
able measurement of the environmental noise. Of
ourse, it an be strongly improved by a multidi-
retional measurement of the noise.
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